Phylogenomics commonly aims to construct evolutionary trees from genomic sequence information. One way to approach this problem is to first estimate event-labeled gene trees (i.e., rooted trees whose non-leaf vertices are labeled by speciation or gene duplication events), and to then look for a species tree which can be reconciled with this tree through a reconciliation map between the trees. In practice, however, it can happen that there is no such map from a given event-labeled tree to any species tree. An important situation where this might arise is where the species evolution is better represented by a species network instead of tree. In this paper, we therefore consider the problem of reconciling event-labeled trees with species networks. In particular, we prove that any event-labeled gene tree can be reconciled with a some (multi-arc free) network. To prove this result, we show that we can always reconcile the gene tree with some multi-labeled (MUL-)tree, which can then be "folded up" to produce the desired reconciliation and network. In addition, we study the interplay between reconciliation maps from event-labeled trees to MUL-trees and networks. Our results could be useful for understanding how genomes have evolved after undergoing complex events such as polyploidy.
Introduction
Phylogenomics aims to find plausible hypotheses about the evolutionary history of species based on genomic sequence information. Such hypotheses often take the form of an evolutionary tree whose leaves are labeled by the species in question, or a species tree. There are various ways to construct species trees from genomics data, many of which involve estimating the evolutionary history of the underlying genes, and then using the resulting gene trees to construct a species tree [43] .
A recent example of such approach relies on using event-labeled gene trees [25, 26, 28] . These are trees in which the leaves correspond to the genes, inner vertices to ancestral genes, and the label of an inner vertex corresponds to the divergence event that led to the offspring. Such events include speciation and duplication events which correspond to genes that are orthologous or paralogous [16, 17] , respectively, that is, they diverged after a speciation event or from one 2 Preliminaries
Phylogenetic Networks and Trees
In what follows, the set X always denotes a finite set of size at least two. Moreover, G and S will denote a set of genes and species, respectively.
We consider rooted, not necessarily binary phylogenetic trees and networks, called trees or networks for short (see e.g. [48] for an overview of phylogenetic trees and networks). To be more precise:
Definition 1. A network N = (V, E) on X is a directed acyclic graph (DAG) with leaf set L(N) = X, multi-arcs allowed and the following properties (N1) There is a single root ρ N with indegree 0 and outdegree 1 such that its unique child has indegree 1 and outdegree at least 2;
(N2) x ∈ X if and only if x is an outdegree-0 vertex.
(N3) Each vertex v ∈ V 0 := V \ X with v = ρ N has either indegree 1 and outdegree greater than 1 (tree vertex) or indegree greater than 1 and outdegree 1 (hybrid vertex) If X is a set of genes G (resp. species S), then N is called a gene (resp. species) network. A network that has no multi-arcs is called multi-arc free and a multi-arc free network that has no hybrid vertices is called a (phylogenetic) tree.
We call a tree reduced if it is obtained from a phylogenetic tree T by removing the root ρ T and its unique incident arc from T . Hence, the root of a reduced tree always has degree greater or equal to 2.
Note, Property (N1) differs slightly from the usual notion as used e.g. in [46, 53] , where ρ N has indegree 0 and outdegree 2. We need this extra condition since our notion of a reconciliation map between a gene tree and a species network allows for the possibility that an event occurred before the first speciation event in the network. Now, suppose that N = (V, E) is a phylogenetic network with leaf set X. All vertices within V \ X are called inner vertices. Given an arc e = (x, y) in N, y is the head of e, denoted by h N (e), and x is the tail of e, denoted by t N (e). In this case, we also say that x is the parent par(y) of y. In addition, for any DAG G = (V, E) and any vertex v ∈ V that has a unique incoming arc, we denote this arc by e v .
A directed path from a vertex x 1 to another vertex x l in N is a non-empty sequence P = (x 1 , . . . , x l ) of pairwise disjoint vertices such that (x i , x i+1 ) ∈ E, 1 ≤ i ≤ l − 1. We often denote the directed path P = (x 1 , . . . , x l ) by P(x 1 , x l ) and also write P = Pv (resp. P = Pe with e = (x l , v)) for the directed path P = (x 1 , . . . , x l , v) that is obtained from the directed path P(x 1 , x l ) by adding the vertex v. Moreover, for x ∈ V and e ∈ E, we define the directed path from x to e in N as the directed path P from x to the head h N (e), if P exists. Thus, the directed path from x to the arc e = (x, y) coincides with e.
Let u, v ∈ V . Then, a vertex v ∈ V is called a descendant of u (in symbols, v N u), if there is a directed path (possibly reduced to a single vertex) in N from u to v. In this case, we also call u an ancestor of v, denoted by u N v. If u N v or v N u then u and v are comparable and otherwise, incomparable. Moreover, if v N u and u = v, then v is below u and u above v. Note, since N is a DAG, an arc e = (u, v) always implies that u N v. For a vertex x ∈ V , we write L N (x) := {y ∈ X | y N x} for the set of leaves in X that are below or equal to x.
For our discussion below we need to extend the definition of N to V ∪ E. More precisely, for the arc e = (u, v) ∈ E we put x ≺ N e if x N v and e ≺ N x if u N x. In this case, the vertex x and the arc e are comparable, and incomparable otherwise. If e = (u, v) and f = (a, b) are arcs in N, then we define e N f to hold if v ≺ u b ≺ a or e = f . In this case, the arcs e and f are also comparable, and incomparable otherwise.
We say that a network N is a subdivision of N, if N can be obtained from N by replacing arcs (u, v) of N by directed paths from u to v. Hence, a network N is also a subdivision of itself. Let W ⊆ V . The subgraph of N with vertex set W that contains all arcs (x, y) ∈ E for which x, y ∈ W is called induced subgraph of N and is denoted by N[W ].
Common Ancestors
For a non-empty subset of leaves A ⊆ X of a phylogenetic tree T = (V, E) on X, we define lca T (A), the least common ancestor of A, to be the unique T -minimal vertex of T that is an ancestor of every vertex in A. In case A = {x, y}, we put lca T (x, y) := lca T ({x, y}) and if A = {x, y, z}, we put lca T (x, y, z) := lca T ({x, y, z}). If e, f ∈ E and x ∈ V , then we define lca T (x, e) := lca T (x,t T (e)) and lca T (e, f ) := lca T (t T (e),t T ( f )).
Given a tree vertex z in a network N = (V, E), two (not necessarily disjoint) directed paths in N that start from z are said to be separated (by z) if each path contains a different child of z. Given (not necessarily distinct) x, y ∈ V , we denote by Q N (x, y) the set of vertices z of N such that there exists a directed path P(z, x) and a directed path P(z, y) such that P(z, x) and P(z, y) are separated by z. Note, Q N (x, y) = Q N (y, x). If z ∈ Q N (x, y), then we also say that x and y are separated by z. By way of example, we have Q N (x, x) = {a, w} and Q N (x, y) = {b, w} for the network N in Fig. 5 (right) . We generalize the latter also to arcs and put Q N (x, e) := Q N (x, h N (e)) and Q N (e, f ) := Q N (h N ( f ), h N (e)) for any arc e, f ∈ E.
The definition of Q N (x, y) was presented in [53] , to generalize the concept of least common ancestors in binary trees to binary networks. We now generalize this definition to cope with networks that are not necessarily binary. More specifically, given a collection x 1 . . . , x k of not necessarily distinct vertices in N, we let be the set of vertices that separate any x i and x j , 1 ≤ i ≤ j ≤ k.
Event-labeled Gene Trees
An event-labeled gene tree (T ;t, σ ) on G is a reduced tree T = (V, E) with leaf set G (a set of genes) a labeling map of events t : V 0 → {s, d}, and a surjective map σ : G → S, called genespecies map, that assigns to each gene g ∈ G the species σ (g) that contains g. Note, the main difference between the structure of an event-labeled gene tree (T ;t, σ ) and a phylogenetic tree T as in Definition 1 is that the root of T has at least two children, while the root of T has exactly one child. The events s and d are called speciation and duplication, respectively. Moreover, a vertex v ∈ V 0 with t(v) = s is called speciation vertex, and otherwise, a duplication vertex. In all figures that contain event-labeled gene trees, the events s and d are represented as • and , respectively.
In addition, for a subset W ⊆ G, we put σ (W )
In what follows, we will always assume that for an event-labeled gene tree (T ;t, σ ) on G, |σ (G)| > 1 holds, i.e., the genes in G are from at least two distinct species.
MUL-trees
Informally speaking, a MUL-tree (MUltiply-Labelled-tree) is a phylogenetic tree M (cf. Definition 1) where each leaf in M is labeled by an element in S, but where different leaves may have the same label. More precisely, a MUL-tree (on S) is a pair (M, χ) with a map χ : S → 2 L(M) − { / 0} such that for all x, y ∈ S distinct, χ(x) ∩ χ(y) = / 0 and for all l ∈ L(M) there exists some x ∈ S with l ∈ χ(x). Thus, in a MUL-tree M the labeling of the leaf set L(M) of (M, χ) is the multiset whose underlying set is S. Note that our definition of a MUL-tree is equivalent to the definition given in [29, Section 2.2] , except that in the MUL-tree defined here we have an "extra" arc which is adjacent to the root (so we get a root with outdegree 1). As with networks, this extra arc is required to accommodate events in reconciliations which occur before the first speciation. If we allow M to contain vertices with indegree 1 and outdegree 1 as well, we call M a pseudo MUL-tree (so, in this setting, any MUL-tree is also considered as a pseudo MUL-tree). For a pseudo MUL-tree M = (D,U), we also define
We say that two (pseudo) MUL-trees (M 1 ,
In addition,we say that a pseudo-MUL-tree (M , χ) is a simple subdivision of the MUL-tree
The latter, implies in particular that L(M) = L(M ) and hence, the map χ for M is well-defined.
Reconciliation Maps to Networks
In [53] , a notion of a reconciliation map (which we shall call a biTreeNet-reconciliation map) from a phylogenetic tree to a network was presented (see Definition 3). This map, however, assumes that the event labels on the tree are unknown, while a species network is given. Moreover, the biTreeNet-reconciliation map "axioms" explicitly refer to binary gene trees and binary species networks. In practice, when gene trees are obtained from e.g. orthology-data, we cannot hope to obtain fully resolved (i.e., binary) gene trees. To overcome this problem and therefore also be able to study reconciliations between non-binary gene trees and (possibly unknown) non-binary networks we next introduce the novel concept of a TreeNet-reconciliation map. That TreeNetreconciliation maps indeed generalize biTreeNet-reconciliation maps is shown in Proposition 3.1. Furthermore, TreeNet-reconciliation maps provide a natural generalization of the framework as used in [26, 28, 41] for the reconciliation of trees, which is shown in Section 4.
Definition 2 (TreeNet-Reconciliation Map). Suppose that S is a set of species, that N = (W, F) is a network on S, and that (T = (V, E);t, σ ) is an event-labeled gene tree on G. Then we say that N is a (species) network for (T ;t, σ ) if there is a map µ : V → W ∪ F such that, for all x ∈ V :
Otherwise, i.e., at least one of t(x) and t(y) is a speciation, µ(x) ≺ N µ(y).
We call µ the TreeNet-reconciliation map from (T ;t, σ ) to N.
Property (R1) ensures that each leaf of T , i.e., each gene in G, is mapped to the species in which it resides. Property (R2.i) implies the weaker property that µ(x) ∈ W 0 . Moreover, Property (R2.i) ensures that each speciation vertex x of T is mapped to a vertex in N that separates at least two of the images µ(x i ) and µ(x j ) of the children x 1 , . . . , x k of x. We emphasize that, even in the case µ(x 1 ) = µ(x 2 ) = · · · = µ(x k ), it is possible that Q 2 N (µ(x 1 ), . . . , µ(x k )) = / 0, since N may contain distinct directed paths from µ(x) to µ(x 1 ) that separate µ(x 1 ). Property (R2.ii) ensures that each duplication vertex of T is mapped to an arc in N. Property (R3) implies that the ancestor relationships in T are preserved under µ. Note, however, that two different duplication vertices might be mapped to the same arc of N under µ.
We now show that for the special case that both the gene tree and the species network are binary, Definition 2 is a natural generalization of biTreeNet-reconciliation maps as defined in [53] . We begin by recalling the definition of this map (using our notation). Note, in this definition the symbols s and d still denote speciation and duplication events, respectively. For technical reasons, an additional symbol c is used to annotate leaves. [53] ). Let σ : G → S be a gene-species map. A biTreeNet-reconciliation map α = (α 1 , α 2 ) from a binary gene tree T = (V, E) on G to a binary network N = (W, F) on S is a pair of maps α 1 : V → W and α 2 : V → {s, d, c} that assigns to each vertex u ∈ V a pair (α 1 (u), α 2 (u)) such that
Definition 3 (biTreeNet-Reconciliation Map
In Definition 3, α 2 plays the role of our event-labeling t. That is, if α 2 is given, then putting t α (u) := α 2 (u) for all u ∈ V 0 yields an event-labeled gene tree (T ;t α , σ ) on G.
Proposition 3.1. If there is a biTreeNet-reconciliation map α = (α 1 , α 2 ) from a binary gene tree T on G to a binary network N on S, then there is a TreeNet-reconciliation map from (T ;t α , σ ) to N.
Proof. In what follows, we show that there is a TreeNet-reconciliation map µ from (T ;t α , σ ) to N, where t α is constructed as described above.
Let α be a biTreeNet-reconciliation map from T = (V, E) to N = (W, F). We claim that µ : V → W ∪ F given by
is a TreeNet-reconciliation map from (T ;t α , σ ) to N. Note, in the second condition e α 1 (u) is welldefined, since α 1 (u) must, in this case, be either the root ρ N or a tree vertex in N and thus, there is only one incoming arc to α 1 (u). Moreover, in the last condition, the vertex x is uniquely defined, since α 1 (u) is then a hybrid vertex and thus, there is only arc (α 1 (u), x) in N.
Clearly, Property (A1) and the construction of µ immediately implies Property (R1).
We show now that (R3) is satisfied. Let u, v ∈ V such that v ≺ T u. First assume that t α (u) = d. There are now two mutually exclusive cases: either α 1 (u) is not a hybrid vertex and µ(u) is the arc e α 1 (u) or α 1 (u) is a hybrid vertex and µ(u) is the arc (α 1 (u), x). If t α (v) = d, then, in both cases, Property (A3) and a straight-forward case analysis implies that µ(v) N µ(u). If t α (v) = s, then Property (A2) implies that µ(v) must be a tree vertex. By construction, if α 1 (v) = α 1 (u), then µ(u) is mapped to the unique arc e µ(v) and we obtain µ(v) ≺ N µ(u). In particular, α 1 (v) N There is a TreeNetreconciliation map from (T ;t, σ ) to N, which is implicitly shown by drawing the gene tree inside N. However, there is no biTreeNet-reconciliation α from (T ;t, σ ) to N for this scenario; see text for further details.
α 1 (u) implies that the arc e µ(v) is the "lowest" possible choice for µ(u) and thus, we always have
In particular, Property (A1) implies µ(u) ∈ V 0 . Property (A2) and the construction of µ implies that µ(u) must be a tree vertex. If t α (v) = s or v ∈ G, then α 1 and µ coincide on u, resp., on v. Hence, Property (A3) implies µ(v) ≺ N µ(u). Thus, assume that t α (v) = d. The fact that µ(u) is not a hybrid vertex together with Property (A3) and the construction of µ implies that µ(v) = e = (x, y) ≺ N x N α 1 (u) = µ(v). In summary, Property (R3) is satisfied.
We continue by showing that Property (R2) is satisfied. By construction of µ, Property (R2.ii) is satisfied. For Property (R2.i), let u be a vertex in T with t α (u) = s. Thus, µ(u) = α 1 (u). Since T is binary, u has exactly two children u 1 and u 2 . Property (A2) implies µ(u) = α 1 (u) ∈ Q N (α 1 (u 1 ), α 1 (u 2 )). Thus, µ(u) must be a tree vertex. In particular, there are directed paths P 1 and P 2 that start in µ(u) to α 1 (u 1 ) and α 1 (u 2 ), respectively, where P 1 contains a child z 1 of µ(u) and P 2 a child z 2 of µ(u) that is distinct from z 1 . Property (A3) implies α 1 (u 1 ) N z 1 ≺ N α 1 (u) and α 1 (u 2 ) N z 2 ≺ N α 1 (u). The construction of µ implies that µ(u 1 ) is always located on the path P 2 or the path P 1 x for some child x of α 1 (u 1 ) (if α 1 (u 1 ) is not a leaf) and µ(u 2 ) is always located on the path P 1 or the path P 2 y for some child y of α 1 (u 2 ) (if α 1 (u 2 ) is not a leaf). Moreover, Property (R3) implies µ(u 1 ), µ(u 2 ) ≺ N µ(u). Taken the latter two arguments together, we obtain µ(u) ∈ Q N (µ(u 1 ), µ(u 2 )).
Thus, µ is a TreeNet-reconciliation map.
Note that Proposition 3.1 implies that the definition of a TreeNet-reconciliation map applied to binary gene trees and binary networks is a natural generalization of the concept of a biTreeNetreconciliation map. It is worth noting that there are binary trees and networks for which a TreeNetreconciliation map µ exists, that can, however, not be expressed as a biTreeNet-reconciliation map. For example, consider the event-labeled binary gene tree (T ;t, σ ) on a set G = {a, a , b} of genes in Fig. 1 (left) . Here, σ (a) = σ (a ) = A, σ (b) = B. In Fig. 1 (right), a species network N = (W, F) on S = {A, B} is shown. In fact, N is a tree. There is a TreeNet-reconciliation map µ from (T ;t, σ ) to N, which is implicitly shown by drawing (T ;t, σ ) inside the species tree. To be more precise, µ(a) = µ(a ) = A, µ(b) = B, vertex u is mapped to the single inner vertex of N and v is mapped onto the the incoming arc of A. However, there is no biTreeNet-reconciliation α from (T ;t, σ ) to N which satisfies the event-labeling t(u) = s and t(v) = d. To see this, observe that α 1 (y) ∈ W . Property (A1) implies that only leaves of T are allowed to be mapped to leaves in N. Therefore, α 1 (a) = α 1 (a ) = A and α 1 (b) = B. Vertex u has the two children v and b in T . Property (A2) implies α 1 (u) ∈ Q N (α 1 (v), B) which immediately implies that α 1 (u) must be mapped to the single inner vertex of S and that α 1 (v) = A. However, this contradicts Property (A1), since v is not a leaf in T .
Reconciliation Maps to Trees
In this section, we consider the special case of reconciliation maps where the network is a tree. As described in the introduction, the reconciliation of gene trees (with or without event-labels) with species trees has been the subject of numerous studies. In [26] (tree) reconciliation maps between not necessarily binary event-labeled gene trees and species trees were studied. In particular, a tree reconciliation map µ : V → W ∪ F from a given event-labeled gene tree (T = (V, E);t, σ ) to a species tree S = (W, F) is defined which, in our notation, is equivalent to replacing Property (R2.i) in Definition 2 by
and by adding the constraint (R2.iii) If x ∈ V 0 and t(x) = s, then µ(y 1 ) and µ(y 2 ) are incomparable in N for any two distinct children y 1 and y 2 of x.
If a map µ from a given event-labeled gene tree (T ;t, σ ) to a species tree S satisfies Properties (R1), (R2.i. * ), (R2.ii) and (R3) but not necessarily (R2.iii), then we shall call µ a relaxed tree reconciliation map (thus, any tree reconciliation map is also relaxed). In what follows, we show for the case that the species network is in fact a species tree that the concepts of a TreeNetreconciliation map and a relaxed tree reconciliation maps are equivalent (Theorem 4.1).
We first present some lemmas for later use. Let us first assume that v and w are comparable. W.l.o.g. let v T w. Thus, there is a unique path from lca T (v, w) = v to w in T . Therefore, v and w cannot be separated by any vertex in V . Hence, Q T (v, w) = / 0. If v and w are incomparable, then lca T (v, w) ∈ {v, w}. Hence, there is a unique directed path from lca T (v, w) to v and a unique path from lca T (v, w) to w that have only the vertex lca 
Proof. For simplicity, for every
. We show first that there is always a vertex q * ∈ Q 2 S with q * S q for all q ∈ Q 2 S . Property (R2.i) implies that Q 2 S = / 0. If |Q 2 S | = 1, then the lemma trivially holds. Now, assume that there are distinct q, q ∈ Q 2 S that are incomparable. By Lemma 4.1, q = lca S (v i , v j ) and q = lca S (v r , v s ) where v i and v j as well as v r and v s are incomparable in S and i, j, r, s ∈ {1, . . . , k}. Since S is a tree, we have lca S (q, q ) = lca S (v i , v r ). Thus, lca S (q, q ) separates v i and v r and therefore, q := lca S (q, q ) ∈ Q 2 S . In other words, for any two vertices q, q ∈ Q 2 S there is always a vertex q ∈ Q 2 S with q S q, q . The latter arguments imply that there is a unique S -maximal element q * in Q 2 S that is an ancestor of all elements in Q 2 S , as required. Property (R2.i) implies that µ(x) ∈ Q 2 S . By Lemma 4.1 and since S is a tree, there are two distinct children x r and x s of x such that µ(x) ∈ Q S (µ(x r ), µ(x s )) and µ(x) = lca S (v r , v s ). It remains to show that q * = µ(x). Assume for contradiction that q * = µ(x) and thus, q * S µ(x). Again by Lemma 4.1, q * = lca S (v i , v j ) for some 1 ≤ i < j ≤ k. Since q * separates v i and v j and q * S µ(x) at least one of v i and v j , say v i , must be incomparable with µ(x). Since x i is a child of x in T we can apply Property (R3) to conclude that µ(x) S µ(x i ) S v i . Hence, v i and µ(x) must be comparable in S, a contradiction. 
Moreover, if x ∈ V with t(x) = s, then there exists two distinct children x i and x j of x in T that satisfy the following two properties,
Furthermore, for any child x i of x in T there is a child x j of x in T such that
Assume that there is a relaxed tree reconciliation map µ between (T ;t, σ ) and a species tree S = (W, F). The proof of Property (0) is analogous to the proof of Lemma 4.2.
(1) in [26] . We next combine the proof of Statements (i) and (ii). Property (R2.i * ) implies that µ(x) = lca S (σ (L T (x))). Clearly, µ(x) can be expressed as µ(x) = lca S (z 1 , z 2 ) for some leaves z 1 , z 2 ∈ σ (L T (x)). Since σ (L T (x)) = k i=1 σ (L T (x i )), there exist children of x in T , say w.l.o.g. x 1 and x 2 , with z 1 ∈ σ (L T (x 1 )) and z 2 ∈ σ (L T (x 2 )). Note that x 1 and x 2 must be distinct since x 1 = x 2 and Property (R3) would imply that µ(x) S µ(x 1 ) S lca S (z 1 , z 2 ) and thus, µ(x) = lca S (z 1 , z 2 ); a contradiction. The latter together with µ(x) = lca S (z 1 , z 2 ); µ(x) S µ(x 1 ) S z 1 ; and µ(x) S µ(x 2 ) S z 2 implies that µ(x 1 ) and µ(x 2 ) must be incomparable in S and lca S (µ(x 1 ), µ(x 2 )) = µ(x). This establishes Statements (i) and (ii).
It remains to show that Statement (iii) holds. Assume for contradiction that there is a child of x, say x 1 , such that σ (L T (x 1 ))∩σ (L T (x j )) = / 0, 2 ≤ j ≤ k. By Property (R3), we have µ(x) S µ(x 1 ). Let e be the first arc on the (unique) directed path from µ(x) to µ(x 1 ) in S. Since µ(x) S µ(x 1 ) and by Property (R2), we have e S µ(x 1 ). By Property (R3), we have e S µ(x 1 ) S z for all z ∈ σ (L T (x 1 )), and therefore, y := h S (e) S z for all z ∈ σ (L T (x 1 )). In other words, any path from µ(x) to z must contain the arc e for all z ∈ σ (L T (x 1 ))
By assumption, there is a leaf z ∈ σ (L T (x 1 )) ∩ σ (L T (x 2 )). By Property (R3) and the latter arguments, µ(x) S e S µ(x 2 ) S z Again, Property (R3) implies that µ(x 2 ) S z for all z ∈ σ (L T (x 2 )), and therefore, y S z for all z ∈ σ (L T (x 2 )). Hence, any path from µ(x) to z must contain the arc e for all z ∈ σ (L T (x 2 )). Repeating the latter arguments shows that any path from µ(x) to z must contain the arc e for all z ∈ σ (L T (x i )) and i ∈ {1, . . . , k}. Thus,
). Hence, µ(x) S y S lca S (σ (L T (x))); a contradiction to Property (R2.i * ).
We are now in the position to prove the equivalence between TreeNet-reconciliation and relaxed tree reconciliation maps. Theorem 4.1. Let (T = (V, E);t, σ ) be an event-labeled gene tree. Then, µ is a relaxed tree reconciliation map from (T ;t, σ ) to a species tree S if and only if µ is a TreeNet-reconciliation map from (T ;t, σ ) to a species tree S.
Proof. Note first that all Properties (R1), (R2.ii) and (R3) in Definition 2 remain the same for both, TreeNet-reconciliation maps and relaxed tree reconciliation maps. Hence, it suffices to show that if µ is a TreeNet-reconciliation map then Property (R2.i * ) holds and that if µ is a relaxed tree reconciliation then Property (R2.i).
Assume first that µ is a relaxed tree reconciliation map from (T ;t, σ ) to S. Let x ∈ V be a vertex with t(x) = s and children
. Thus, Property (R2.i) holds. Now assume that µ is TreeNet-reconciliation map from (T ;t, σ ) to S. In what follows we will make use of the following observation: If y 1 and y 2 are incomparable in S and y = lca S (y 1 , y 2 ), y S u, y 1 S v and y 2 S w, then
(1)
for all r, s ∈ {1, . . . , k} and, again by repeated application of Equ. (1), we obtain
Again, by Property (R3), we have µ(x) S µ(x r ) and µ(x r ) S lca S (σ (L T (x r ))), 1 ≤ r ≤ k. Hence,
To make the final step, we first observe that for non-empty vertex sets A, B of a tree, lca(A ∪ B) = lca(lca(A), lca(B)) holds. The latter and
). Therefore, the map µ satisfies Property (R2.i * ).
As an immediate consequence of Theorem 4.1 we obtain Corollary 1. A map µ is a tree reconciliation map from an event-labeled gene tree (T ;t, σ ) to a species tree S if and only if µ is a TreeNet-reconciliation map from (T ;t, σ ) to S that additionally satisfies Property (R2.iii).
As a consequence of Lemma 4.3(ii), if µ is a relaxed tree reconciliation map between a binary gene tree and a (not necessarily binary) species tree, then Property (R2.iii) is always satisfied. Thus any relaxed tree reconciliation map between a binary gene tree and a species tree is also a tree reconciliation map. Therefore, Theorem 4.1 implies Corollary 2. Suppose that (T ;t, σ ) is a binary gene tree and S a species tree. Then, µ is a tree reconciliation map from (T ;t, σ ) to S if and only if µ is a TreeNet-reconciliation map from
The relaxed tree reconciliation map from (T ;t, σ ) to the species tree S on S = {A, B,C, D} is implicitly shown by drawing the gene tree inside the tube-like species tree S (right). Here, σ maps each gene in G to the species (capitals below the genes) A, B,C, D ∈ S. Although there is a relaxed tree reconciliation map from the non-binary gene tree (T ;t, σ ) to S, there exists no tree reconciliation map from (T ;t, σ ) to any species trees, since AB|C, BC|A ∈ S(T ;t, σ ) implies that S(T ;t, σ ) is incompatible (cf. Thm. 5.2). Moreover, there exists neither a (relaxed) tree reconciliation map nor a TreeNet-reconciliation map from the binary gene tree (T ;t , σ ) to any species tree, since the set S(T ;t , σ ) contains the triples AB|C and BC|A and is, therefore, incompatible (cf. Thm. 5.1).
Informative Triples
It is of interest to understand when a species tree or species network exists for a given gene tree (T ;t, σ ), and if it does exist, which constraints (if any) such an network imposes on (T ;t, σ ) for different kinds of networks. In this section, we shall consider constraints that are given in terms of triples. We start with briefly recalling the terminology surrounding them. A triple ab|c is a binary reduced tree T on three leaves a, b and c such that the path from a to b does not intersect the path from c to the root ρ T . A network N on X displays a triple ab|c, if a, b, c ∈ X and ab|c can be obtained from N by deleting arcs and vertices, and suppressing vertices with in-and outdegree one. Note, that no distinction is made between ab|c and ba|c. We write R(N) for the set of all triples that are displayed by the network N.
Interestingly, the existence of tree reconciliation maps from event-labeled gene trees (T ;t, σ ) to some species tree can be characterized in terms of underlying "informative species triples" displayed by the gene tree, [26, 28] , that is, in terms of the set
In particular, in [28, Theorem 8] the existence of relaxed tree reconciliation maps for binary gene trees is characterized in terms of the compatibility of S(T ;t, σ ) under the following assumption: For any vertex x ∈ V with t(x) = s with children x 1 and x 2 we have σ (L T (x 1 )) ∩ σ (L T (x 2 )) = / 0. Lemma 4.3(iii) implies that this condition is always satisfied for relaxed tree reconciliation maps and, therefore, also by tree reconciliation maps between such trees. The latter argument combined with Corollary 2 and Theorem 4.1 therefore immediately implies the following mild generalization of the aforementioned characterization from [28] :
Theorem 5.1. Let (T = (V, E);t, σ ) be an event-labeled binary gene tree. Then, there exists a relaxed tree reconciliation map µ for (T ;t, σ ) and a species tree S (or equivalently a TreeNet-
there is neither a (relaxed) tree reconciliation nor a TreeNet-reconciliation map to any species tree. Right, a network N on S = {A, B,C, D} is shown. There is a TreeNetreconciliation map from (T ;t, σ ) to N, which is implicitly shown by drawing the gene tree into the tube-like species network. See text for further details.
reconciliation map µ from (T ;t, σ ) to S) if and only if S(T ;t, σ ) is compatible and for any x ∈ V with t(x) = s with children x 1 and
It is worth mentioning that a relaxed tree reconciliation map µ exists for a gene tree (T ;t, σ ) that satisfies the conditions in Theorem 5.1 to any species tree S that displays all triples in S(T ;t, σ ) [28] . Moreover, this map can be computed in polynomial time [28] .
Note that the main result in [28, Theorem 8] was generalized in [26] for non-binary gene trees as follows. 
Then, there exists a tree reconciliation map µ for (T ;t, σ ) and a species tree S if and only if S(T ;t, σ ) is compatible.
One might hope to obtain similar characterizations for relaxed tree reconciliation maps or TreeNet-reconciliation maps for non-binary gene trees. However, this does not appear to be straight-forward.
In particular, in Fig. 2 an example is presented (based on [26, Fig. 3 ]) which shows that the compatibility of S(T ;t, σ ) is not necessary for the existence of a relaxed tree reconciliation map for a non-binary event-labeled gene tree (T ;t, σ ), even though the conditions in Theorem 5.2 for (T ;t, σ ) are met. Thus, one might be inclined to try and obtain at least a characterization of TreeNet-reconciliation maps in terms of "informative" species triples from a binary gene tree. However, this does not seem to be as straight-forward as it might sound in view of the examples given in Fig. 3 and 4 .
More precisely, consider the event-labeled binary gene tree (T ;t, σ ) in it is not necessary that each triple of S(T ;t, σ ) is displayed by N for the existence of a TreeNetreconciliation map. Now consider the event-labeled binary gene tree (T ;t, σ ) as in Fig. 4 Fig. 4 (middle) displays all triples in S(T ;t, σ ) = {AB|C, AB|D, AC|D, BC|D}. However, there is no TreeNet-reconciliation map µ from (T ;t, σ ) to N. To see this, assume for contradiction that there is a TreeNet-reconciliation map µ. Observe first that each gene is mapped to the corresponding species (cf. Property (R1)). Due to Property (R3), we have µ(x) N µ(d) = D. The latter together with Property (R2.i) implies that only µ(x) = u is possible. In addition Property (R3) implies that µ(x) N µ(y) N A, B,C and hence, only µ(y) = v is possible. However, Properties (R2.i) and (R3) imply that µ(z) ∈ W 0 and µ(y) N µ(z) N A, B, which is not possible. Thus, N is not a network for (T ;t, σ ). Note, (T ;t, σ ) satisfies the assumptions in Theorem 5.1 and S(T ;t, σ ) is compatible. Thus, Theorem 5.1 implies that for any species tree S that displays all triples in S(T ;t, σ ) there is a TreeNet-reconciliation map from (T ;t, σ ) to S.
Unfoldings and Foldings
In the next section we shall show that we can always reconcile a given event-labeled gene tree with some species network. To show this we shall use the concept of foldings of MUL-trees which we shall consider in this section.
We begin by recalling an unfolding operation U of networks that was first proposed in [31] . For any network N on S, this operation constructs a pseudo MUL-tree (U * (N), χ * ) as follows:
• The vertex set V * of U * (N) is the set of all directed paths P in N that start at the root of N and end in a vertex of N,
• there is an arc from a vertex P in U * (N) to a vertex P in U * (N) if and only if P = Pa holds for some arc a in N, and
• and χ * : S → 2 L(U * (N)) − { / 0} is the map that assigns to all x ∈ S the set of directed paths in V * that end in x.
The MUL-tree obtained by suppressing all indegree one and outdegree one vertices in U * (N), if there are any, is denoted by U(N). In [31] , it is shown that (U(N), χ * ) is indeed a MUL-tree and that it is unique.
We now want to perform the converse operation and "fold up" a MUL-tree into a network. We formalize this by adapting the concept of a folding map as defined in [29, p.1771 ].
Definition 4 (Folding Map of a MUL-tree onto a Network). Given a pseudo MUL-tree (M = (D,U), χ) labeled by S, and a network N = (W, F) on S, a folding map f :
We say that a MUL-tree M can be folded into a network N, whenever there is a subdivision M of M such that there is a folding map f from M to N.
Informally speaking, Property (F1) ensures that the maps f V and f E are linked, that is, each arc a in M is mapped to an arc a in N such that the tail and head of a is mapped to the tail and head of a , respectively. Property (F2) ensures that each leaf (gene) is mapped to the species in which it resides. Finally, Property (F3) ensures that two distinct arcs of M with the same tail are never mapped to the same arc in N.
The following two results are restated from [29, Theorem 2 and Corollary 2], and provide a useful connection between foldings of MUL-trees into a multi-arc free network N and (U * (N), χ * ): Theorem 6.1. Let N be a multi-arc free network. Then the mapping f * : (U * (N), χ * ) → N which takes each vertex in U * (N) to its last vertex and each arc in U * (N) to its corresponding arc in N is a folding map. Proposition 6.1. Suppose that (M, χ) is a pseudo MUL-tree and N is a multi-arc free network, both on S, and that f :
We conclude this section with two useful results concerning folding maps. The first generalizes a result from [31, p. 618 ]. As part of this, we first present a construction that associates a network F(M) to a MUL-tree (M, χ). To see that N is a network, note first that, by construction, N satisfies Property (N2). To see Properties (N1) and (N3), suppose that x ∈ W . If x ∈ D \ L(M), then, again by construction, the indegree and outdegree of x in N is the same as the indegree and outdegree of x in M. Hence, Property (N1) holds in case x is the root of M and Property (N3) holds if x is an inner vertex of M distinct from the root. Now, assume that x is a leaf of N. By construction, there is a unique arc Figure 5 : Left, a MUL-tree (M, χ) and its simple subdivision (M , χ) (middle panel). In the right panel, a network N that is obtained from (M , χ) by identifying the two arcs arcs e and e to obtain the arc (y,C) in N, and the arcs f , f and f to obtain the arc (x, B) in N. In addition, the identification of f and f (resp. e and e ) yields the two multi-arcs between a and x (resp. b and y) in N, see Definition 5 for details. Note that N is the "fold up" of (M , χ) and, therefore, also of (M, χ).
(y, x) in N. If y ∈ D, then, again by construction, the indegree and outdegree of x in N is the same as the indegree and outdegree of x in M. So assume that y / ∈ D. Then |U * x | ≥ 2. It follows that the indegree of y in N is at least 2. Since, again by construction, the outdegree of y must be 1, it follows that y is a hybrid vertex of N. Thus, N satisfies Property (N3). Therefore, N is indeed a network. We next show that there exists a folding map f : (M , χ) → N of (M , χ) into N. To see this consider first the map f V : D → W given by
By construction, f V is surjective. To obtain the map f E : U → F, let us first examine in more detail the MUL-tree M, its simple subdivision M and the network N. Let x ∈ S. If |χ(x)| ≥ 2, then each arc e = (a, b) ∈ U x in M is replaced by the path (a, b e , b) to obtain M and f V (b e ) = t N (e x ) and f V (b) = x. Note that N may contain multi-arcs. More precisely, the construction implies that there are multi-arcs f 1 , . . . , f , ≥ 2 between two vertices u and v in N with v ≺ N u if and only if f −1 V (u) = a ∈ D and a is adjacent in M to exactly leaves b 1 , . . . b with b i ∈ χ(x) for some x ∈ S and 1 ≤ i ≤ . In other words, there are exactly ≥ 2 arcs e 1 , . . . , e in U x with t M (e i ) = a. Now, we put f E (e i ) = f i for all such arcs e i ∈ U x , 1 ≤ i ≤ and x ∈ S. All other arcs e = (u, v) ∈ U that do not result in multi-arcs in N,
. By construction f E is clearly surjective. Leaving the details of the proof to the interested reader, it is also not difficult to see that f satisfies Properties (F1) -(F3). Thus, f is a folding map of (M , χ) into N. By Definition 4 and since M is a subdivision of M, it follows that the MUL-tree (M, χ) can be folded into N.
Finally, all construction steps to obtain N and f can obviously be carried out in polynomial time.
Our second result shows that any folding map is ancestor preserving. Proof. First assume that a, b ∈ U and a M b. W.l.o.g. we may assume that a ≺ M b as for a = b the lemma trivially holds. Then, there is a (possibly single-vertex) directed path P from h N (b) to t N (a). Let us denote the vertices crossed by P by h N (b) = v 1 , . . . , v k = t N (a) (in order of their appearance in P) and, in case k ≥ 2, let 
Existence of Reconciliation Maps to Networks
In Fig. 3 , we presented an example which shows that if there is a TreeNet-reconciliation map from an event-labeled gene tree (T ;t, σ ) to a network N, then N does not need to display all informative triples in S(T ;t, σ ). In fact, the network may display species triples that are not supported by (T ;t, σ ). For example, the network in Fig. 3 displays the triple BC|A although AB|C ∈ S(T ;t, σ ). In other words, a network N, for which a TreeNet-reconciliation map from (T ;t, σ ) to N exists, does not need to preserve much (or possibly even any) of the structure of T . Thus, the question arises as to whether there always exists a TreeNet-reconciliation map from (T ;t, σ ) to some network? In Theorem 7.1, the main result of this section, we show that this is indeed always the case.
To establish Theorem 7.1, we first define reconciliation maps between event-labeled gene trees and pseudo-MUL-trees, a topic that has recently been studied in a somewhat different form in [21] . Then, we show how to associate to any event-labeled gene tree (T ;t, σ ) a MUL-tree (M(T ;t, σ ), χ) such that (T ;t, σ ) can be reconciled with this MUL-tree via some map κ (T ;t,σ ) . Using the notion of a "combined reconciliation map", we then exploit κ (T ;t,σ ) to define a reconciliation map between (T ;t, σ ) and the fold up of (M(T ;t, σ ), χ).
Definition 6 (Reconciliation Map to a pseudo MUL-tree). Suppose that S is a set of species, M = (D,U) is a pseudo MUL-tree on S, and (T ;t, σ ) is an event-labeled gene tree on G.
Then, we say that (M, χ) is a pseudo MUL-tree for (T ;t, σ ) if there is a map κ : V → (D \ D 1 ) ∪U such that, for all x ∈ V : We call κ the MUL-reconciliation map from (T ;t, σ ) to M.
Note that Properties (M1), (M2.ii) and (M3) are canonical extensions of the Properties (R1), (R2.ii) and (R3) of TreeNet-reconciliation maps. Moreover, Property (M2.i) and the fact that M has no hybrid vertices implies the weaker property for all x ∈ D: if t(x) = s and x has at least two children, then there exist two children x 1 and x 2 such that κ(x 1 ) and κ(x 2 ) are incomparable in M. However, the converse implication does not always hold. Moreover, Property (M2.i) cannot be weakened to establish results for TreeNet-reconciliation maps based on MUL-reconciliation maps and particular foldings.
We next provide a construction that allows us to associate a MUL-tree to an event-labeled gene tree. Suppose (T ;t, σ ) is an event-labeled gene tree. Let (M(T ;t, σ ), χ) denote the MULtree obtained from (T ;t, σ ) as follows: First replace every leaf of T by its label under σ . Next, add an incoming arc to the root to obtain a tree with root having outdegree 1. The resulting MUL-tree is M(T ;t, σ ). To obtain χ, we put χ(x) = {l ∈ L(T ) | σ (l) = x}, for all x ∈ S. Proof. For simplicity let M := M(T ;t, σ ). By definition, κ := κ (T ;t,σ ) satisfies (M1), (M2.ii) and (M3). To see that κ is a MUL-reconciliation map, it thus remains to show that Property (M2.i) is satisfied. Let x be a vertex in T with t(x) = s and with children x 1 , . . . , x k , k ≥ 2. By definition, κ(x) ∈ D−L(M). Now let x i and x j be two distinct children of x. By construction of M, all vertices of T are contained in M. However, to make the reading easier, we denote by v the vertices in M that correspond to vertex v in T . Each of the two vertices x i and x j may be a leaf or an inner vertex equipped with a particular event s or d. A straight-forward case analysis and the fact that κ(x l ) is either x l or the arc e x l where l ∈ {i, j} together with Property (M3) shows that in either case we have x i M κ(x i ) ≺ M κ(x) and x j M κ(x j ) ≺ M κ(x). Note that, by construction, the path from κ(x) to κ(x i ) is the arc e x i and the path from κ(x) to κ(x j ) is the arc e x j . Since, M is a tree and x i and x j are incomparable in T the vertices x i and x j as well as the arcs e x i and e x j must be incomparable in M. Therefore, (M2.i) is also satisfied.
We now prove a technical result which will allows us to link trivial MUL-reconciliation maps with foldings. Lemma 7.2. If there is a MUL-reconciliation map from (T ;t, σ ) to some MUL-tree (M, χ), then there is a MUL-reconciliation map from (T ;t, σ ) to any subdivision (M , χ) of (M, χ).
Proof. Let κ be a MUL-reconciliation map from an event-labeled gene tree (T ;t, σ ) to some MUL-tree (M, χ) and (M , χ) be a subdivision of (M, χ). For each arc e = (u, v) of M that is subdivided in the construction of M by a directed path P uv from u to v in M we denote by e * the last arc in P uv . If e is not subdivided, we put e * = e. For all v ∈ V (T ) put
It is now straight-forward to see that κ is a MUL-reconciliation map from (T ;t, σ ) to (M , χ).
We are now in the position to establish the main result of this section.
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(1) 
is a reconciliation between (T ;t, σ ) and N.
Proof. Let T = (V, E), M = (D,U) and N = (W, F). We need to show that µ := µ κ, f satisfies Properties (R1) -(R3). To see Property (R1), let x ∈ G. Since Property (M1) is satisfied for κ we have κ(x) ∈ L(M) and κ(x) ∈ χ(σ (x)). By Property (F2) and construction of µ, we have µ(x) = f V (κ(x)) = σ (x). Thus, Property (R1) holds.
To see Property (R2.i), let x ∈ V be a vertex with t(x) = s and children x 1 , . . . , x k , k ≥ 2. We need to show that µ(x) ∈ Q 2 N (µ(x 1 ), . . . , µ(x k )). By (M2.i), there exists a directed path P i from κ(x) to κ(x i ) in M and a directed path P j from κ(x) to κ(x j ) in M for two distinct i, j ∈ {1, . . . , k} such that in M the first arc on P i is incomparable with the first arc on P j . Let a i and a j be the first arc on P i and P j , respectively. Hence, t M (a i ) = t M (a j ) = κ(x) and, since f is a folding map, Property (F1) implies that t N ( f E (a i )) = t N ( f E (a j )) = f V (κ(x)). The latter together with (F1) implies that a i and a j are mapped in N to either the same arc or to two distinct arcs that share the same tail.
Assume first that f E (a i ) = f E (a j ) = e and put v = κ(x). Then, f V (v) = t N (e) and a ∈ {a i , a j } is an arc in M that satisfies f E ( a) = e and t M ( a) = v; contradicting Property (F3). Therefore, a i and a j must be mapped in N to two distinct arcs e i and e j , respectively, that share the same tail.
Since, e i = e j and t N (e i ) = t N (e j ) = f V (κ(x)), the arcs e i and e j are incomparable in N. Combined with Property (M3) and Lemma 6.3 it follows that there is a path P i from µ(x) to µ(x i ) in N that contains e i and a path P j from µ(x) to µ(x j ) in N that contains e j . Thus, µ(x i ) and µ(x j ) are separated by µ(x). Therefore, µ(x) ∈ Q 2 N (µ(x 1 ), . . . , µ(x k )). Clearly, Property (R2.ii) follows from the fact that κ satisfies (M2.ii), that f E maps an arc of M to an arc of N and the construction of µ.
It remains to show that Property (R3) is satisfied. Suppose that x, y ∈ V with x ≺ T y. Clearly, x = y. If t(x) = t(y) = d, then κ(x) M κ(y) in view of Property (M3.i). Lemma 6.3 implies that µ(x) N µ(y). Thus, (R3.i) is satisfied. Now assume that at least one of t(x) or t(y) is a speciation. Property (M3.ii) implies that κ(x) ≺ M κ(y). Note that not both of κ(x) and κ(y) can be contained in U. Again, Lemma 6.3 implies that µ(x) ≺ N µ(y). Therefore, (R3.ii) is also satisfied by µ.
In summary, it follows that µ is a reconciliation map from (T ;t, σ ) to N.
Corollary 3. For any event-labeled gene tree (T ;t, σ ), there always exists a species network N for (T ;t, σ ). The network N as well as the reconciliation map from N to (T ;t, σ ) can be constructed in polynomial time.
Proof. Let κ (T ;t,σ ) be the trivial MUL-reconciliation from (T ;t, σ ) to (M, χ) with M := M(T ;t, σ ) (which is a reconciliation map by Lemma 7.1). Moreover, let (M , χ) be the simple subdivision of (M, χ) and N be the network and f the folding map from M to N as constructed in the proof of Lemma 6.2. Lemma 7.2 implies that there is a reconciliation map κ from from (T ;t, σ ) to (M , χ). Then, by Theorem 7.1, the composed reconciliation map µ κ , f is a reconciliation map from (T ;t, σ ) to N. Hence, N is a species network for (T ;t, σ ). Finally, Lemma 6.2 implies that the network N and the folding map f can be constructed in polynomial time. Furthermore, the construction of κ and thus, of κ as well as of µ κ , f can be done in polynomial time. This proves the second part of the corollary.
Existence of Reconciliations for Multi-Arc Free Networks
In the last section, we showed that every event-labeled gene tree can be reconciled with some network. An important assumption in this result is that the network is permitted to contain multiarcs. Although not unreasonable, in practice (and in much of the literature on networks) it can be desirable to restrict attention to networks which do not have multi-arcs. In this section, we show that for every event-labeled gene tree (T ;t, σ ) which satisfies certain biologically reasonable constraints, there is a TreeNet-reconciliation map to some network N without multi-arcs and that, in addition, N displays all triples in S(T ;t, σ ).
To this end, we will first take the folding of the simple subdivision (M , χ) of (M(T ;t, σ ), χ) to obtain a network N, as specified in Definition 5 and the proof of Lemma 6.2. However, this network may contain multi-arcs (see Fig. 5 ). To adjust for this, one may be tempted to simply remove multi-arcs and subsequently suppress degree two vertices. This, however, can be problematic as it may result in a network N for which no folding map from M to N exists. For example, consider the network N depicted in Fig. 5 (right) . The removal of one of the arcs between y and b, yields a graph which is not a network (since then vertex y has in-and outdegree one). Additional suppression of y results in a network N , for which no folding map from the pseudo MUL-tree M pictured in Fig. 5 (center) exists, since Property (F1) is violated for the resulting arc in N and vertex b of M . Since there is no folding map from (M , χ) to N , we can cannot apply Theorem 7.1 to conclude that there is a TreeNet-reconciliation map from (T ;t, σ ) to N (if there is any).
In order to obtain a multi-arc free network from N for which there is a TreeNet-reconciliation from (T ;t, σ ), we next provide an alternative approach. For this, we need to define two sets which will turn out to be helpful in the construction of multi-arc free networks from networks that may contain multi-arcs. Moreover, we define V N x ⊆ W as the set of all vertices z ∈ W with z / ∈ W N x and there is an arc (z, w) in N with w ∈ W N x .
To illustrate theses two sets consider the bottom left network N depicted in Fig. 7 . Then W N x consists of all vertices v in N that are highlighted by colored " " and that satisfy v N x for the particular leaf x ∈ S. Thus, the set
Lemma 8.1. Let N = (W, F) be a network on S. Then, the following statements are satisfied. For Property (iv), assume for contradiction that W N x = / 0 but V N x = / 0. Hence, there is no arc (z, w) ∈ F with z / ∈ W N x and w ∈ W N x . Thus, ρ N ∈ W N x ; a contradiction to ρ N N z for all z ∈ S and |S| > 1.
In what follows, we wish to modify a network N with multi-arcs to a network N * without multi-arcs. To this end, we will replace entire subgraphs of N by specified arcs or vertices which eventually leads to the multi-arc free network N * . We give a formal description of the approach to first construct a DAG N * from a given network N. As we shall see in Proposition 8.1, this DAG N * is indeed a multi-arc free network. The sets W N x and V N x as well as the construction of N * are illustrated in Fig. 7 .
Proposition 8.1. Let (T ;t, σ ) be an event-labeled gene tree on G and let N be a species network on S obtained from the simple subdivision of the MUL-tree (M(T ;t, σ ), χ) as in Definition 5. Then N can always be transformed into a multi-arc free species network N * on S without multi-arcs in polynomial time.
Proof. In what follows, let T = (V, E), N = (W, F) and M(T ;t, σ ) = (D,U). To help keep notation at bay, we assume for simplicity that V = D \ ({ρ M(T ;t,σ ) } ∪ G). Now, we construct the DAG N * from N as in Definition 9. Clearly, N * has leaf set S. To show that N * is a multi-arc free network, we first analyze for some x ∈ S the sets W N x and V N x . Note, if W N x = / 0, then Lemma 8.1(iii) implies that V N x = / 0, Thus, we examine the following three mutually exclusive cases: We continue with the proof of the proposition by taking a closer look at potential multi-arcs in N. By construction of N and since (T ;t, σ ) has no multi-arcs, there are exactly ≥ 2 multi-arcs between some vertices u and v in N with v ≺ N u if and only if there are exactly arcs e 1 , . . . , e incident to u in (T ;t, σ ) with σ (h T (e i )) = x, 1 ≤ i ≤ . Put differently, if there are multi-arcs between two vertices u and v in N with v ≺ N u, then, we have in N that v = par(x) for some x ∈ S and the outdegree of par(x) is one. In particular, par(x) ∈ W N x which implies W N x = / 0. We summarize the latter observation for Case (I): Let x ∈ S such that W N x = / 0. Then the construction of N from M(T ;t, σ ) implies that there are no multi-arcs in N between the (unique) parent par(x) of x and any of the vertices y that are parents of par(x). Therefore, if W N x = / 0 for all x ∈ S, then N is a network without multi-arcs. In this case, we put N * = N. Case (II): Let x ∈ S such that W N x = {w 1 , . . . , w n }, n ≥ 1, and V N x = {z}. According to Definition 9, we remove all vertices in W N x and all arcs in F incident to vertices in W N x from N and add the arc (z, x) to N to obtain an acyclic di-graph N = (W , F ). By Lemma 8.1(ii), there is no arc (w i , u) in N with u / ∈ W N x and u = x. Thus, the ancestor relationship between any vertices in N that are still contained in N (and thus, not contained in W N x ) is preserved. Put differently, if u, v ∈ W ∩W with u N v then u N v. We next show that N is a network and thus, satisfies Properties (N1), (N2) and (N3). By construction, Property (N1) is clearly satisfied for N . Furthermore, Property (N2) clearly holds for all y ∈ S \ {x}. Since all vertices W N x have been removed and only the arc e x has been added, vertex x is an outdegree-0 vertex in N . Therefore, N satisfies Property (N2). To see Property (N3), observe first that the degrees of the vertices in N that are not incident to vertices in W N x remain the same as in N. Thus, N satisfy Property (N3) for all such vertices. Moreover, since all vertices W N x have been removed and only the arc e x has been added, it remains to analyze the degree of the vertex z := h N (e x ) in N . In the context of this, we claim that z is a tree vertex of N . To see this, note that in N, vertex z cannot have indegree greater than one, as otherwise, the outdegree of z must be one in N and thus, z ∈ W N x ; a contradiction. Thus, the indegree of z is one in N and, by construction, the indegree of z remains one in N . Since N satisfies (N3), the outdegree of z is greater than one in N. However, not all children of z in N can be contained in W N x as otherwise, z ∈ W N x ; a contradiction. Thus, there is a child z of z with z / ∈ W N x . Since the removal of W x N and the respective incident arcs as well as the addition of the arc e x does not affect any arc between z and and its children z with z ∈ W N x , it follows that the arc(s) between z and z remain in N . Thus, z still has outdegree greater than one in N . Moreover, there is no vertex w i ∈ W N x with w i N z, as otherwise, Lemma 8.1(ii) implies that z ∈ W N x ; a contradiction. Hence, the unique arc (par(z), z) has not been removed and still exists in N . Therefore, z has indegree one in N . Consequently, z is a tree vertex in N , as claimed. In summary, N satisfies (N1)-(N3) and thus, remains a network. By construction and the latter arguments, x has exactly one parent par(x) = z in N and z has at least one child z with z ∈ W N x and this child z remains in N . Therefore, W N x = / 0 in N . In addition, Lemma 8.1(iii) implies that W N a ∩ W N b = / 0 and that there are no arcs between W N a and W N b for all distinct a, b ∈ S. Therefore, W N a = W N a for all a ∈ S \ {x} in N . Put differently, the sets W N a remain unchanged in N for for all a ∈ S \ {x}.
Case (III): Let x ∈ S such W N x = / 0 and |V N x | > 1. According to Definition 9, we remove all vertices in W N x and all arcs in F incident to vertices in W N x from N and add a new vertex w x and one arc (z, w x ) for all z ∈ V N x and the arc (w x , x) to N to obtain an acyclic di-graph N . Note that, as in Case (II), the ancestor relationship between any two vertices in N that are also contained in N is preserved. We show next that N is a network. By construction, Properties (N1) and (N2) are satisfied for N . It remains to show that N satisfies Property (N3). Since all vertices W N x have been removed and new arcs have been added only between vertices in V N x , w x and x, we can conclude that if z is not adjacent with a vertex in W N x , then the indegree and outdegree of z in N is the same as the indegree and outdegree of z in N . So assume that z ∈ V N x ∪ {w x }. Assume first that z ∈ V N x . We claim again that z is a tree vertex of N . As observed in Case (II), any vertex z ∈ V N x must have indegree one in N and there is a child z with z / ∈ W N x . The construction of N does not affect any arc between z and z . Thus, every arc between z and a child z / ∈ W N x is also an arc in N . Combined with the fact that, by construction, we have added the arc (z, w x ), it follows that z ∈ V N x has outdegree greater than one in N . Moreover, there is no vertex w i ∈ W N x with w i N z, as otherwise, Lemma 8.1(ii) implies that z ∈ W N x ; a contradiction. Hence, the unique arc (par(z), z) has not been removed and is also an arc N . Therefore, z has indegree one in N . Thus, z is a tree vertex in N , as claimed. Finally, assume that z = w x . Then, by construction, the indegree of z in N is |V N x | > 1 in N and the unique child of z is x. Thus, z is a hybrid vertex in N . In summary, N satisfies (N1)-(N3) and thus, is a network. It is easy to see that W N x = {w x }, where w x is not contained in any multi-arcs. Note also that, as in Case (II), we have W N a = W N a for all a ∈ S \ {x}.
In the latter construction, we modified N in Cases (II) and (III) for a specific vertex x ∈ S to obtain a network N .
We complete the proof by associating a species network N * to N as follows. Bearing in mind Case (I), we first apply to all vertices x ∈ S for which W N x = / 0 and |V N x | = 1 holds, one after another, the construction described in Case (II). This yields a network N such that W N x = / 0 for all vertices x in N that satisfy Case (II). Hence, all such "Case (II)" vertices of N satisfy Case (I) in N . Moreover, in each single modification step, the sets W N a have remained unchanged for all vertices a ∈ S that have not been considered thus far. Applying, one after another, the construction described in Case (III) to all x ∈ S for which x ∈ W N x = / 0 and |V N x | > 1 holds results in the digraph N * as constructed in Definition 9. Arguing for all vertices x that satisfy the conditions of Case (III) as in the proof for the "Case (II)" vertices of N, implies that W N * x = {w x } in N * and w x is not contained in any multi-arc.
In summary, none of the applications of the constructions described in the proofs of Cases (II) and (III), respectively, introduces a multi-arc. Moreover, every x ∈ S satisfies W N * x = / 0 or W N * x = {w x } such that w x is not contained in any multi-arc. This, and the arguments preceding the discussion of Case (I) in the proof, imply that N * is a multi-arc free network.
Finally, Corollary 3 implies that the network N can be constructed in polynomial-time. Moreover, it is to see that the sets W N x and V N x , x ∈ S, as well as the construction steps carried out in the Cases (II) and Case (III) to transform N into N * can be performed in polynomial-time. Hence, N * can be obtained from (T ;t, σ ) in polynomial-time. Now, let (T ;t, σ ) be an event-labeled gene tree, and let N = (W, F) be the network associated to the simple subdivision M of M = M(T ;t, σ ) as detailed in Definition 5. Let N * = (W * , F * ) be the network without multi-arcs obtained from N by the constructions detailed in Definition 7 and Proposition 8.1. As argued in the proof of Corollary 3, there is always a reconciliation map µ κ , f from (T ;t, σ ) to N. The proof is, in particular, based on the fact that there is a folding map f from M to N. However, such a folding map may not exist for M and N * . Therefore, we will slightly adjust the MUL-reconciliation map µ κ , f to obtain a TreeNet-reconciliation map µ * from (T ;t, σ ) to N * .
To this end, we partition the vertex set of the original network N = (W, F) as follows. and
Clearly, W 1 and W 2 form a partition of W . By Lemma 8.1(iii), there are no arcs (u, v) ∈ F with u ∈ W N x and v / ∈ W N x and W N x ∩ W N y = / 0 for all distinct x, y ∈ S. As an immediate consequence, we obtain the following Definition 11. Let (T = (V, E);t, σ ) be an event-labeled gene tree on G and let N = (W, F) be a network on S such that there is a TreeNet-reconciliation map µ from (T = (V, E);t, σ ) to N. Moreover, let N * = (W * , F * ) be the multi-arc free network on S as in Definition 9 and let W 1 and F 1 be defined for N as in Definition 10. The map µ * : V → W * ∪ F * (w.r.t. µ) is defined as follows:
where in the "else-condition" x ∈ S and either h N (µ(v)) ∈ W N x or h N (µ(v)) = x holds.
Consider the event-labeled tree (T ;t, σ ) depicted in Fig. 7 and the network N * constructed from (T ;t, σ ) as specified in Proposition 8.2. The map µ * is indicated in the bottom right network in Fig. 7 . In what follows, we show that µ * is well-defined and, in particular, a TreeNetreconciliation map from (T ;t, σ ) to N * . Proposition 8.2. Let (T = (V, E);t, σ ) be an event-labeled gene tree on G such that for all v ∈ V with t(v) = s and every child v of v in T there is another child v of v in T with σ (L T (v )) = σ (L T (v )). Moreover, let N be the network on S associated to the simple subdivision of (M(T ;t, σ ), χ) as in Definition 5 and N * be the multi-arc free network on S as in Definition 9.
Then, there is a TreeNet-reconciliation map from (T ;t, σ ) to N *
Proof. In what follows, let N = (W, F), N * = (W * , F * ) and put M := M(T ;t, σ ) = (D,U). Moreover, let W 1 and F 1 be defined for N as in Definition 10. Corollary 3 implies that there is always a reconciliation map µ := µ κ , f from (T ;t, σ ) to N. In what follows, we show that µ * (w.r.t. µ) as in Definition 11 is a reconciliation map from (T = (V, E);t, σ ) to N * .
Note, there may be arcs and vertices in N that have been removed to obtain N * and new vertices and arcs may have been added in the construction of N * . Hence, in order to show that µ * is well-defined, we must ensure that either µ(v) is still contained in N * and that, otherwise, if we assign µ * (v) = (par(x), x) the condition h N (µ(v)) ∈ W N x or h N (µ(v)) = x is satisfied for this leaf
We claim that µ(v) ∈ W 1 . To see this, note that v must have two distinct children v and v in T for which, by assumption, σ (L T (v )) = σ (L T (v )). Thus, |σ (L T (v))| > 1. By Properties (R1) and (R3) for µ, we have µ(v) N x for all x ∈ σ (L T (v)). Hence, |L N (µ(v))| > 1. Thus, µ(v) ∈ W is an inner vertex and there exists no x ∈ S such that µ(v) ∈ W N x . Thus, µ(v) ∈ W 1 , as claimed. Since none of the vertices in W 1 have been removed from N to obtain N * , µ(v) is still contained in N * for all speciation vertices v of (T ;t, σ ) and we
implies that the arc (u, w) still exists in N * and we can put µ *
for some x ∈ S and Lemma 8.1(ii) implies that either w ∈ W N x or w = x. In either case, w is always contained in W 1 and hence, w ∈ W N x or w = x (and thus, a = (par(x), x)) for some x ∈ S. In this case, we put µ * (v) = (par(x), x) ∈ F * .
In summary, it follows that µ * is well-defined, To see that µ * is a reconciliation map from (T ;t, σ ) to N * , we need to show that Properties (R1) -(R3) hold. Since Property (R1) clearly holds as µ(v) = σ (v) for all v ∈ G, it suffices to restrict attention to Properties (R2) and (R3). In what follows, let V µ ⊆ V be the set of vertices v ∈ V such that µ * (v) = µ(v).
We start with establishing Property (R3). We first recap, that the ancestor relationship between the vertices in W 1 ∪S has not been changed in N * , that is, w, w ∈ W 1 ∪S with w ≺ N w (resp. w = w in N) implies w ≺ N * w (resp. w = w in N * ). The latter also implies that the relative order of the arcs (a, b) ∈ F 1 under ≺ N has not been changed in N * .
To see Property (R4), suppose that u, v ∈ V with v ≺ T u. To see Property (R3.i), assume that t(v) = t(u) = d. We need to show that µ * (v) N * µ * (u). Clearly, if u, v ∈ V µ then µ * (v) = µ(v) N µ(u) = µ * (u) as µ satisfies Property (R3.i). Since the relative order of the arcs in F 1 has not been changed by the construction of N * it follows that µ * (v) N * µ * (u). Hence, Property (R3.i) holds in this case.
So assume that u, v ∈ V µ . Hence, µ(u) = a ∈ F \ F 1 and, as argued above, h N (a) ∈ W N x or a = (par(x), x) for some x ∈ S. Note, µ(v) N µ(u) = a as µ satisfies Property (R3). This combined with Lemma 8.1, implies that there cannot be an arc (w, z) in N with w ∈ W N x and z / ∈ W N x or z = x. Thus, for a = µ(v) we have t N (a ) ∈ W N x and therefore, h N (a ) ∈ W N x or h N (a ) = x. By construction of µ * we have, therefore, µ * (u) = µ * (v) = (par(x), x). Hence, Property (R3.i) holds in this case.
Assume next that one of u and v is contained in V µ whereas the other is not. Note that if u / ∈ V µ , then µ(u) ∈ F \ F 1 . Similar arguments as in the latter case imply µ
for some x ∈ S. Hence, µ * (v) = (par(x), x). Since µ satisfies Property (R3.i) in N we have x ≺ N µ(v) N µ(u) = µ * (u) and, therefore, that x ≺ N * µ * (v) N * µ * (u). In combination, we obtain that Property (R3.i) is satisfied for all duplication vertices of N.
To see that Property (R3.ii) also holds, assume that at least one of t(u) = s and t(v) = s holds. If t(v) = s then v ∈ V µ . Again, this implies that u ∈ V µ , since v ≺ u, µ satisfies Property (R3.ii) and Lemma 8.1(ii) holds. Moreover, Thus, µ * (v) = µ(v) ≺ N µ(u) = µ * (u). Since u, v ∈ V µ and the ancestor relationships in N are preserved in N * for all vertices in W 1 ∪ S, it follows that µ * (v) ≺ N * µ * (u).
So assume that t(u) = s. Then u ∈ V µ . Note that we may assume w.l.o.g. that t(v) = d as otherwise µ * (v) = µ(v) and µ * (u) = µ(u) must hold. Thus, similar arguments as before imply that µ * (v) ≺ N * µ * (v). Note also that we may assume that µ(v) ∈ F 1 as otherwise we have again that µ * (v) = µ(v) and µ * (u) = µ(u) which, in turn, implies µ * (v) ≺ N * µ * (v). Then h N (µ(v)) ∈ W N x or there exists some x ∈ S such that µ(v) = (par(x), x). Hence, µ * (v) = (par(x), x). Thus,
Since the ancestor relationships in N are preserved in N * for all vertices in W 1 ∪ S and since µ * (v) = (par(x), x) is the lowest possible choice for µ * (v), it follows that x ≺ µ * (v) ≺ N * µ * (u). This concludes the proof of Property (R3.ii) and, thus the proof of Property (R3).
It remains to show that Property (R2) holds. Clearly, by construction of µ * , Property (R2.ii) is satisfied in N * .
To see Property (R2.i), assume that v ∈ V with t(v) = s and children v 1 , . . . , v k ∈ V , k ≥ 2. We need to show that µ * (v) ∈ Q 2 N * (µ * (v 1 ), . . . , µ * (v k )). Since µ is a reconciliation map from (T ;t, σ ) to N, we clearly have µ(v) ∈ Q 2 N (µ(v 1 ), . . . , µ(v k )). Thus, there exist i, j ∈ {1, . . . , k} such that µ(v i ) and µ(v j ) (note that µ(v i ) = µ(v j ) might be possible) are separated by µ(v) in N. Therefore, there exists a vertex w ∈ W such that (µ(v), w ) is the first arc on a directed path from µ(v) to µ(v i ) in N. Similarly, there exists a vertex w ∈ W such that (µ(v), w ) is the first arc on a directed path from µ(v) to µ(v j ) in N. Note that w = w or w = w might hold. In the first case, we might have multi-arcs between µ(v) and w in N.
Assume first that w = w . We distinguish between the cases that w , w ∈ W 1 (Case (C1)) and that at least one of w and w is not contained in W 1 (Case (C2)).
Case (C1):
Since w , w ∈ W 1 , we have for all x ∈ S that w , w / ∈ W N x . By construction of N * , both vertices w nor w are also contained in N * . By the definition of µ * , we have that µ * (v i ) = µ(v i ) in case v ∈ G, or t(v) = s, or t(v) = d and µ(v i ) ∈ F 1 , and that, otherwise, there exists some x ∈ S such that µ * (v i ) = (par(x), x). Since the ancestor relationship of all vertices in W 1 ∪ S is preserved in N * it follows that (µ(v), w ) N * µ * (v i ). Put differently, there exists a directed path from µ * (v) = µ(v) to µ * (v i ) in N * that contains the arc (µ * (v), w ). Note that µ * (v i ) = µ(v i ) = (µ * (v), w ) might hold. Similarly, there exists a directed path from µ * (v) to µ * (v i ) in N * that contains the arc (µ * (v), w ). Hence, µ * (v) separates µ * (v i ) and µ * (v j ) in N * . Therefore, µ * (v) ∈ Q 2 N * (µ * (v 1 ), . . . , µ * (v k )).
Case (C2): W.l.o.g. assume that w / ∈ W 1 . Thus, either w ∈ W N x or W N x = / 0 and w = x, for some x ∈ S. We claim that, in N * , either par(x) = µ(v) or par(x) = w x holds, where w x is the unique vertex added by replacing W N x as in Definition 9. To see this, note first that since all vertices in W N x and their incident arcs were removed from N and either the arc (µ(v), x) or the two arcs (µ(v), w x ) and (w x , x) were added to obtain N * it follows that either par(x) = µ(v) or par(x) = w x , as claimed. Furthermore, since there is a directed path from
We next claim that there exists some 1 ≤ ≤ k distinct from i such that µ * (v ) = (par(x), x). To see this claim note first that since µ satisfies Property (R3) and µ(u) = σ (u) ∈ S for all u ∈ G, it follows that µ(
Since v T u for some u ∈ G with µ * (u) = σ (u) = y and µ * satisfies Property (R3) in N * , we have µ * (v ) N * y. Therefore, µ(v ) cannot be contained in W N x . Hence, µ * (v ) = (par(x), x), as claimed.
As shown above, µ * (v i ) = (par(x), x) or µ * (v i ) = x. In either case, by construction of N * , the vertex par(x) has only one child, namely the vertex x. Since x = y, it follows that if µ * (v ) N * y then par(x) N * µ * (v ). The latter combined with µ * (v) N * µ * (v ) implies that there is an alternative directed path from µ * (v) to µ * (v ) that has only µ * (v) in common with the directed path from µ * (v) to µ * (v i ). Thus, µ * (v) separates µ * (v i ) and µ * (v ) and µ * (v) ∈ Q 2 N * (µ * (v 1 ), . . . , µ * (v k )). To finish the proof that µ * satisfies Property (R2.i) it remains to consider the case that w = w . Then (µ(v), w ) and (µ(v), w ) are parallel arcs. By construction of N * , if there are parallel arcs between two vertices µ(v) and w in N, then w = par(x) ∈ W N x must hold for some x ∈ S. Hence, w ∈ W N x . Similar arguments as in the proof of Case (C2) imply that µ * (v) ∈ Q 2 N * (µ * (v 1 ), . . . , µ * (v k )). In summary, µ * satisfies Property (R2). This completes the proof that µ * is a reconciliation map from (T ;t, σ ) to N * .
As suggested already by Fig.7 , the network N * obtained from N as described in Definition 9 displays all triples in the event-labeled gene tree in Fig. 7 . That this is not a coincidence is the purpose of the next result. Suppose that A, B,C ∈ S such that AB|C ∈ S(T ;t, σ ). Then there are three elements a, b, c ∈ G with pairwise distinct σ (a) = A, σ (b) = B and σ (c) = C such that the (undirected) path between a and b in T does not intersect the directed path from ρ T to c in T . In particular, putting v := lca T (a, b, c) we have t(v) = s. Thus, u := lca(a, b) ≺ T v. To improve exposition, we write v W for every v ∈ V that is still contained in W . Moreover, we say that two paths P(v 1 , v k ) with k ≥ 1 and P(w 1 , w ) with ≥ 1 are internal vertex disjoint, if P(v 1 , v k ) and P(w 1 , w ) share at most one vertex from the set {v 1 , v k , w 1 , w }.
Observe that any directed path P = (v 1 , . . . , v k ) in T with k ≥ 1, for which the corresponding vertices v 1 W , . . . , v k W are contained in W 1 , also forms a directed path P W := (v 1 W , . . . , v k W ) in N and thus, in N[W 1 ]. Since N[W 1 ] and N * [W 1 ] coincide, it follows that P W is contained in N * . In particular, if there are internal vertex disjoint directed paths P = (v 1 , . . . , v k ) with k ≥ 1 and P = (w 1 , . . . , w ) with ≥ 1 in T , then the directed paths P W = (v 1 W , . . . , v k W ) and P W = (w 1 W , . . . , w W ) exist in N. Moreover, P W and P W are internal vertex disjoint, whenever v k W , w W ∈ W 1 , as this implies, v 1 W , . . . , v k W −1 , w 1 W , . . . , w W −1 ∈ W 1 as well.
Since |σ (L T (v))| > 1 and |σ (L T (u))| > 1, we have by construction of N that |L N (v W )| > 1 and |L N (u w )| > 1. Thus, v W , u W ∈ W 1 . Let P 1 be the unique directed path from v to u in T . Since v W , u W ∈ W 1 we have for any vertex w of P 1 that w W ∈ W 1 . Thus, the (directed) path P * 1 from v W to u W exists in N and hence, also in N * .
Consider now the unique path P 2 = (u, u 1 , . . . u k , a) in T . For σ (a) = A, we distinguish between the cases that |χ(A)| = 1 and |χ(A)| > 1.
If |χ(A)| = 1, then the arc e = (u k , A) is contained in the simple subdivision M of M and has not been identified with any other arc as part of the construction of N. Since M is a MUL-tree and |χ(A)| = 1, it is easy to see that u k ∈ W 1 . It follows that P 2 = (u W , u 1 W , . . . u k W , σ (a) = A) is entirely contained in N[W 1 ], and thus, in N * [W 1 ].
So assume that |χ(A)| > 1. Then e = (u k , A) in M was replaced by the two arcs (u k , v e ) and (v e , A) as part of the construction of M . Moreover, the arc (v e , A) has been identified with other arcs that have head in χ(A) to obtain the unique arc (par(A), A) in N. Thus, the path P 2 = (u 0 W := u W , u 1 W , . . . u k W , v e , A) exists in N. Let u i W be the first vertex on P 2 that is contained in W N A . Note, u W ∈ W 1 implies u W = u i W For the construction of N * from N, the subpath (u i−1 W , u i W , . . . , u k W , v e , σ (a) = A) of P 2 has been replaced by either the arc (1) In what follows, let (T = (V, E);t, σ ) be an event-labeled gene tree, let N = (W, F) be a multiarc free species network on S, and let µ be a reconciliation map between from (T ;t, σ ) to N.
Moreover, let f = ( f V , f E ) denote a folding map from a pseudo MUL-tree (M, χ) = ((D,U), χ) labeled by S to N. By Proposition 6.1, we may assume w.l.o.g. that (M, χ) = (U * (N), χ * ) and that ρ N = ρ M . We want to show that we can associate a map κ µ, f : V → (D \ D 1 ) ∪ U to µ and f which is a MUL-reconciliation from (T ;t, σ ) to (M, χ). Note that κ µ, f can be regarded as a "lifting" of the map µ along f in the sense discussed in [29, Section 5] .
To this end, let x, y ∈ W be two distinct vertices with y ≺ N x and assume that P(x, y) = (w 0 = x, w 1 , . . . , w k , w k+1 = y), k ≥ 0 is a directed path in N from x to y. For all 0 ≤ i ≤ k, let a i denote the arc (w i , w i+1 ) between w i and w i+1 in N. Note, that a i is well-defined, since N is multi-arc free and thus, there is at most one arc between any two vertices of N. Observe that since f is a folding from (M, χ) = (U * (N), χ * ) into N there exists for all 0 ≤ i ≤ k a unique arc a w i i ∈ U obtained by lifting the arc a i of N at the vertex w i of N.
Using the latter observation, we now define the aforementioned map κ µ, f : V → (D \ D 1 ) ∪U in a top-down fashion. Although the definition is quite long and technical, it follows in a quite straight-forward fashion from the lifting properties of a folding map, see Fig. 8 for an example.
Suppose v ∈ V . We begin with the base case v = ρ T . Since we assumed that |L(T )| ≥ 2, we either have that t(v) = s or that t(v) = d.
If t(v) = s, then µ(v) is a vertex of N. Note that µ(v) = ρ N must hold as µ satisfies Property (R2.i). Hence, the directed path P(ρ N , µ(v)) = (w 0 = ρ N , w 1 , . . . , w k , w k+1 = µ(v)) must cross at least one arc of N, i.e, k ≥ 0. Since f is a folding of M into N there exists a path in M from ρ M = ρ N to the head h M ( a w k k ) of the arc a w k k ∈ U obtained by lifting a k at w k = par(µ(v)). Then we put κ µ, f (v) = h M ( a w k k ).
If t(v) = d then µ(v) is an arc of N. If ρ N = t N (µ(v)) then we put κ µ, f (v) = a w 0 0 . So assume ρ N = t N (µ(v)). Then, the directed path P(ρ N ,t N (µ(v))) has at least one arc. Since f is a folding from M to N there exists a path from ρ M to the tail t M ( a w k k ) of the arc a w k k ∈ E(M) obtained by lifting a k at w k . Then we put κ µ, f (v) = a w k k . For the remainder, assume that v = ρ T is such that κ µ, f (u) has already been defined for all vertices u of T that are above v. Let w ∈ V denote the parent of v which must exist as v = ρ T . If µ(v) = µ(w) then we put κ µ, f (v) = κ µ, f (w). So assume that µ(v) = µ(w). Note that µ(w) = ρ N , independent of whether t(w) = s or t(w) = d. We distinguish between the two cases that v is a leaf of T and that it is not.
If v is a leaf of T then µ(v) must be a leaf of N. Consider the directed path P obtained by extending the directed path P(ρ N , µ(w)) of N by the directed path P(h N (µ(w)), µ(v)). Note that P must contain at least two arcs. Then we put κ µ,
where u q is the last but one vertex on P and b q is the arc (u q , µ(v)) of N.
So assume that v is not a leaf of T . To define κ µ, f , we need to distinguish between the cases that Putting v = v 1 , we can continue with all other children v 2 , . . . , v k of w. Since we want κ µ, f to be a MUL-reconciliation, we need to ensure that κ µ, f satisfies (M2.i). Since µ satisfies Property (R2.i), there must exist children w i and w j of w such that µ(w) ∈ Q N (µ(w i ), µ(w j )). For l ∈ {i, j} put P l := P(µ w , z l ) in case z l is a vertex of N and P l := P(µ w , h N (z l )) in case z l is an arc of N. Then since µ(w) separates µ(w i ) and µ(w j ) it follows that regardless of whether or not µ(w i ) and µ(w j ) are comparable, we may always choose directed paths P i := P(µ w , z i ) and P j := P(µ w , µ(z j )) in such a way that the first arc on P i is distinct from the first arc on P j . To ensure that Property (M2.i) is satisfied by κ µ, f we then use P i and P j to extend the definition of κ µ, f from v to v i and v j , respectively. Case (c): If t(v) = d and t(w) = s, then µ(v) is an arc of N and µ(w) is a vertex of N. Again, we assume first that none of the children of w have been assigned a value under κ µ, f . If t N (µ(v)) = µ(w) then we define κ µ, f (v) = µ(v) µ(w) . So assume t N (µ(v)) = µ(w). Consider the directed path P obtained by extending a directed directed P(ρ N , µ(w)) of N by a directed path P(µ(w), h N (µ(v))). Then the choice of v combined with the fact that f is a folding from M to N implies that there exists a directed path from ρ M via κ µ, f (w) to h M ( b u) where u q is the last but one vertex of P and b q is the arc (u q , h N (µ(v))) of N. Then we put κ µ, f (v) = b u. Putting again v = v 1 , we can continue with all other children v 2 , . . . , v k of w in the same way as in Case (a). Employing analogous arguments, it follows that κ µ, f satisfies (M2.i) for Case (c).
Case (d):
If t(v) = t(w) = d, then both µ(v) and µ(w) are arcs of N. Consider the directed path P obtained by extending a directed path P(ρ N , h N (µ(w))) of N by a directed path P(h N (µ(w)), h N (µ(v))). Then the choice of v combined with the fact that f is a folding from M into N implies that there exists a directed path from ρ M via t N (κ µ, f (w)), h N (κ µ, f (w)) and We now show that κ µ, f is indeed a MUL-reconciliation map from (T ;t, σ ) to (M, χ). Proposition 9.1. Let (T ;t, σ ) be an event-labeled gene tree, let N be a species network on S, and let µ be a TreeNet-reconciliation map from (T ;t, σ ) to N. Moreover, let (M, χ) be a pseudo MULtree that can be folded via a folding map f = ( f V , f E ) to N. Then, κ µ, f is a MUL-reconciliation map from (T ;t, σ ) to (M, χ).
Proof. Let T = (V, E), let N = (W, F) and let M = (D,U). Note that in view of Proposition 6.1, we may assume w.l.o.g. that (M, χ) = (U * (N), χ * ). Thus, ρ N = ρ M .
Clearly the map κ µ, f is well-defined. Also, Property (M1) holds in view of µ satisfying Property (R1).
To see that κ µ, f satisfies Property (M2) assume that v ∈ V − L(T ). If t(v) = d then µ(v) is an arc of N. Hence, κ µ, f (v) ∈ U, by the definition of κ µ, f (v). So Property (M2.ii) must hold. If t(v) = s, then Case (a) and (c) already implies that Property (M2.i) is satisfied.
To see that κ µ, f satisfies Property (M3), assume that x, y ∈ V such that x ≺ T y. We start with establishing Property (M3.i). Assume that t(x) = t(y) = d. Then µ(x) and µ(y) are arcs of N. Since µ(x) N µ(y) as µ satisfies Property (R3.i) it follows that there exists a directed path P in N from ρ N to µ(x) that contains µ(y). Since M = U * (N), the definition of κ µ, f implies that κ µ, f (x) M κ µ, f (y). Thus, Property (M3.i) must hold.
To see that Property (M3.ii) holds assume that at least one of t(x) and t(y) equals s. Then µ(x) ≺ N µ(y) as µ satisfies Property (R3.ii). We first consider the case that t(x) = s. Then µ(x) is a vertex of N. Hence, µ(x) N h N (µ(y)) in case µ(y) ∈ F and µ(x) ≺ N µ(y) in case µ(y) ∈ W . In either case, there exists a directed path in N from ρ N to µ(x) that contains µ(y). Since M = U * (N), the definition of κ µ, f implies that κ µ, f (x) ≺ κ µ, f (y). Thus, Property (M3.ii) holds.
Finally, assume that t(x) = d. Then µ(x) is an arc of N and t(y) = s. Hence, µ(y) ∈ W . Consequently, there exists a directed path in N from ρ N to µ(x) that crosses µ(y). Since M = U * (N), the definition of κ µ, f implies that κ µ, f (x) ≺ κ µ, f (y). Thus, Property (M3.ii) must hold in this final case too.
As immediate consequences of Theorems 6.1, 7.1 and Proposition 9.1 we obtain the result that we promised above.
Theorem 9.1. Suppose (T ;t, σ ) is an event-labeled gene tree and N = (W, F) is a multi-arc free network. Then N is a species network for (T ;t, σ ) if and only if U * (N) is a pseudo-MUL-tree for (T ;t, σ ).
Note that the existence of reconciliations from an event-labeled gene tree to both a MUL-tree M and a network N, does not necessarily imply that there exists a folding map from M to N -see Fig. 9 . This issue is related to the fact that Theorem 9.1 is stated in terms of U * (N) and not U(N), and that a network N is not always a folding of U(N) (cf. Theorem 6.1). Prop. 4 Figure 9 : An event-labeled gene tree (T ;t, σ ), the simple subdivision M of the MUL-tree M(T ;t, σ ), the network N constructed in Definition 5, and the network N * associated to N as specified in Definition 9. Although there is a MUL-tree reconciliation map κ from from (T ;t, σ ) to M and µ * is a TreeNet-reconciliation map from (T ;t, σ ) to N * , there does not exists a folding map from M to N * .
Outlook
In this paper, we have introduced the concept of a reconciliation map between an arbitrary eventlabeled gene tree and a species network, called a TreeNet-Reconciliation map. In particular, we have shown that for every event-labeled gene tree there is always a (multi-arc free) species network N with a TreeNet-Reconciliation map µ such that N displays all informative triples in S(T ;t, σ ).
Both the network and the reconciliation map can be constructed in polynomial-time.
These results open up several interesting new avenues for research. For example, although we know that for every event-labeled gene tree there is always a species network N, we do not know much about the computational complexity of determining whether (T ;t, σ ) can be reconciled with an arbitrary given species network N. Clearly, if the unfolded network U * (N) is isomorphic to some subdivision of the MUL-tree (M(T ;t, σ ), χ), then we can reuse the latter results based on the MUL-Tree reconciliation map κ and the folding f from (M(T ;t, σ ), χ) to N to conclude that N is a network for (T ;t, σ ). However, not all TreeNet-Reconciliation maps µ can be expressed in terms of κ and f ; see Fig. 9 . The results and proof techniques in [29, Section 7] may offer an avenue to solving these problems.
In another direction, the structure of the species network obtained from an event-labeled gene tree is heavily dependent on our construction via MUL-trees and foldings, and so it is not clear which properties these networks will enjoy. By way of example, the bi-connected component in the network in Fig. 7 contains two hybrid vertices and it is not clear whether or not a less complex network for the given gene tree may exist (e.g. with fewer hybrid vertices). It would be interesting to investigate properties of the species network, especially how far they are from being minimal under various criteria.
Finally, we have only considered speciation and duplication events. It would be interesting to develop a theory to cope with other events such as horizontal gene transfer. Note that several results have been derived for accommodating gene transfer in reconciliation models between gene trees and species trees, both for unlabeled [22] and event-labeled gene trees [26, 41] .
